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Abstract. An integer matrix A e Md(Z) induces a covering cta of T'^ and an endo- 
morphism oca : f f o cja of C(T'^) for which there is a natural transfer operator L. 
In this paper, we compute the KMS states on the Exel crossed product C(T'^) x a,^,L N 
and its Toeplitz extension. We find that C{T^] x a^,L N has a unique KMS state, which 
has inverse temperature |3 — log|det A|. Its Toeplitz extension, on the other hand, 
exhibits a phase transition at (3 = log | dct A|, and for larger (3 the simplex of KMSp 
states is isomorphic to the simplex of probability measures on T'^. 



Actions of the real line M on C*-algebras are used to describe the time evolution 
in physical models, and also arise in a wide variety of mathematical contexts. The 
KMS states for the action were originally intended to be mathematical realisations 
of the equilibrium states in statistical mechanics ||5]]. More recently, mathematicians 
have found actions of M on algebras of number-theoretic origin that exhibit phase 
transitions of the sort one might expect in a statistical-mechanical model ||31 |2U1|23B . 
Here we describe a similar phenomenon for the gauge action on an Exel crossed- 
product C*-algebra associated to an integer dilation matrix A. 

An illuminating example for the analysis of KMS states is the action ct lifted from 
the gauge action of T on the Toeplitz-Cuntz algebra TO^ [14|. The system (TCn, cr) 
has a single KMS state for each inverse temperature |3 > log n, but only the one at 
(3 — log n factors through the purely infinite simple quotient On (see, for example, 
[|2n Example 2.8]) . Our situation is similar: the Exel crossed product is purely infinite 
simple and has a unique KMS state, which has inverse temperature |3 = log | det A|, 
whereas its Toeplitz analogue has KMSp states for all |3 > log | det A|. Here, though, 
the simplex of KMSp states is large for (3 > log | det A|, and we have a phase transition 
at |3 =log|detA|. 

Before stating our results more precisely, we set up some notation. We consider a 
matrix A G Md[Z) with nonzero determinant, and write CTa for the associated self- 
covering of T'^ = M'^/Z'^. Then ka : f f o cta is an endomorphism of C(T'^), 



1. Introduction 
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defines a transfer operator L for oca, and the triple (C(T'^), aA, L) is one of the Exel 
systems studied in IITTI . We write Ml for the associated right-Hilbert bimodule over 
C(T'^), which has underlying space C(T'^), actions defined by f ■ ra • g — fraaAlg], 
and inner product defined by (m, n) = L(m*rL). We write 4) for the homomorphism 
of C(T'^) into £(Ml] which implements the left action. 

If I is a set of coset representatives for Z'^/A^Z'^, then the characters {y-rn. '■ z*-^ z™- : 
m G L}, viewed as continuous functions on T'^ and hence as elements of Ml, form 
an orthonormal basis for Ml (this observation is due to Packer and Rieffel ||3T1 , and 
a proof consistent with our notation is given in flTl Lemma 2.6]). The reconstruction 
formula for this basis implies that <p{f) is the finite-rank operator ^Tu®f Ym,Ym for 
every f G C(T'^). Then since aA is unital, the results of 13 imply that Exel's Toeplitz 
algebra T(C(T'^), aA, L) is the Toeplitz algebra T(Ml), and that the Exel crossed prod- 
uct C(T'i) 

^aA,L is isomorphic to the Cuntz-Pimsner algebra (9 (Ml). 
The Toeplitz algebra T(M) of a Hilbert bimodule M over C is generated by a uni- 
versal representation (iMji-c) M, and carries a gauge action of T characterised 
by yz(i-M(TTL)) = ziuiTa) and yz(ic(c)) = ic(c); this action descends to the Cuntz- 
Pimsner algebra (C(M),jjvi>jc)- The gauge actions inflate to actions cr of M which are 
characterised by 

(1.2) fft o i-c = i-c and at(i-M(TTt)) = e^^iM(TTi), and 

o-t o jc = jc and (TtiiMim)) = e'^jjufm). 

Our goal is the following description of the KMS states of (T(Ml), a) and (C(Ml), a). 

Theorem 1.1. Suppose that A G Ma(Z) has nonzero determinant, (CtT'^), aA, L) is the 
associated Exel system, and cr denotes the action o/M on T(C(T'^), aA, L) satisfying (|1.2|) . 

(a) There are no KMS^, states on (T(C(T'^), aA, L), cr) unless (3 > log | det A|. 

(b) For each |3 G (log | det A|, oo], the simplex ofKMS^ states on (T(C(T'^), aA, L), a] is 
ajfinely homeomorphic to the simplex P(T'^) of probability measures on T^. 

(c) If A is a dilation matrix, then (T(C(T'^), aA, L), ct) has a unique KMSiogidetAi state, 
and this state factors through the quotient map 

Q : (r(C(T'i), L), a) ^ {C[T^] x,,l N, a). 

(d) Every ground state of (T(C(T'^), aA, L), a) is a KMS oo state. 

After a short review of notation and coventions, we begin in 0by giving presenta- 
tions of T(C(T'^), aA, L) and C(T'^) x^^l N in terms of a unitary repesentation u of Z^ 
and an isometry v which, loosely, implements the action aA- Then in ^31 we charac- 
terise the KMS states of (T(C(T'^), aA, L), cr) in terms of their behaviour with respect 
to the presentation in ^ 

We then set about proving Theorem 11.11 in stages, and we give more precise for- 
mulations of our results as we go. For example, we prove part (c) in ^|5l and we 
prove a little more than we stated above: we only need to assume that A is a dila- 
tion matrix to get uniqueness of the KMSiogidetAi state. In ^ we prove existence of 
lots of KMS states (see Proposition 16. 1|) : a novelty in our construction is the use of 
induced representations to build Hilbert spaces where we can construct KMS states 
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from vector states. Then in ^ we prove that we have found all the KMSp states for 
(3 > log I det A|. In ^ we prove part (d). 

Theorem 11.11 and our strategy for proving it were motivated by our previous work 
in 1123 II , or more precisely, by what it says about the KMS states of the additive bound- 
ary quotient (TIddfN x N'^), a) of the Toeplitz algebra TIN >4 N""] (see El §4]). The 
connection with Exel crossed products is made in |6l §5], where it is shown that there 
is an Exel system (C(T), a, L, N^) of the kind studied in ||24l whose Nica-Toeplitz 
crossed product A/'T(C(T), a, L, N^) is 7Idd(N xi N^) and whose Exel crossed product 
C(T) Xoc,L is the Crisp-Laca boundary quotient of T(N x N^) (or in other words, 
Cuntz's IITOB ). So our present analysis differs from that in II23II in that we have 
raised the dimension of the torus to d, but have replaced = N°° by N. The case 
d = 1, where A has the form (N), is in some sense an intersection of our results with 
those in II23II , and in ^we carry out an analysis of the KMS states on T(N x^ N) 
parallel to that in I© §4]. 

We close in flOl with a discussion of the case where A is tnvertible over Z. The 
endomorphism aA is then an automorphism, and C(T'^) x„^_i_ N is the usual crossed 
product C(T'^) Xot^ Z, which can also be viewed as a group algebra C*(Z'^ x^t Z). We 
know from ^|5]that there can only be KMSp states when |3 = log | det A| = 0, so we are 
left to determine the invariant traces, which we do in Proposition |10.4| When Z'^ x ^.t Z 
is the integer Heisenberg group, for example, we can find lots of invariant traces. 

2. Notation and coventions 

2.1. Integer matrices. Throughout this paper A is a matrix in M.|i(Z) whose deter- 
minant det A is nonzero. If the eigenvalues A of A G Ma(Z) all satisfy |A| > 1, then 
we call A a dilation matrix. This was a standing assumption in |[T7|, but here we do 
not in general assume that A is a dilation matrix. We use multiindex notation, so 
that e^"^" = (e^™"!, ■ ■ ■ , e^^^^^) for x G R'^, and the covering map : T'^ ^ T'^ is 
characterised by ffAle^™") = e^"^^" for x G M'^. Since the transpose A^ appears more 
often than A, we write B := A^; we have tried to avoid using the letters A and B for 
anything else. We choose a set Z of coset representatives for Z'^/BZ'^, and assume for 
convenience that G 1. We sometimes write N for | det A| = | detB|. 

2.2. Hilbert bimodules. A bimodule M over a C*-algebra C is a right-Hilbert bi- 
module if it is a right Hilbert C-module, and if the left action of C is implemented by 
a homomorphism (() of C into the C*-algebra C[M) of adjotntable operators. (Such 
bimodules are also called "correspondences" over C, or just "Hilbert bimodules" for 
short.) Our C*-algebras will always have identities, and our bimodules are always 
essential in the sense that 4) : C ^ ^{^] is unital. 

A representatior0 (ij;, n) of a Hilbert bimodule M in a C*-algebra D consists of a 
linear map : M ^ D and a unital representation tt : C ^ D such that 

■i1j(ci ■ ra ■ C2) = 7r(ci)i[)(Ta]7T(c2) and 7r((ra, n)) = ■i[)(ra)*\l»[n). 

Every Hilbert bimodule M has a Toeplitz algebra T(M), which is generated by a 
universal representation (iM,i-c)- 



^ These are often called Toeplitz representations, but we now believe this to have been an unfortu- 
nate choice of name (see (5J Remark 5.3]). 
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Every representation (ip, tt) of M in D induces a representation ti)'^' : /C(M) 
D such that 7r)'^n0m,n) = iKm)\|;(n)* (see ISl page 202] or (HI Proposition 1.6]). 
The representation [ij;, n) is Cuntz-Pimsner covariant if 

(\|;,7r)'^'(4)(a)) = 7t(a) whenever 4)(a) G /C(M). 

The Cuntz-Pimsner algebra 0{M.] is the quotient of T(M) that is universal for Cuntz- 
Pimsner covariant representations. We write Q : T(M.) 0[M.) for the quotient 
map, and (jM> jc) := (Q ° i-M) Q ° i-c) for the universal Cuntz-Pimser covariant repre- 
sentation in C(M.). (Though there are several different definitions of Cuntz-Pimsner 
covariance out there, they all coincide for the bimodules in this paper.) 

2.3. Exel crossed products. An Exel system consists of an endomorphism a of a C*- 
algebra C, and a transfer operator L for cc, which is a bounded positive linear map 
L : C ^ C such that L(a(c)d) = cL[d). The examples of interest here are the systems 
(C(T'^], (Xa, L) discussed in the introduction, where cxa is the endomorphism f i-^ 
f o associated to an integer matrix A, and L is defined by averaging over inverse 
images of points, as in (|l.l[t . Notice that both a and L are unital. 

Every Exel system (C, a, L) gives rise to a Hilbert bimodule over C as follows. 
We first make a copy Cl of C into a bimodule over C by setting c ■ m = cm and 
ra • c = ra(x(c) for ra G Cl and c G C. The formula (m, n) := L(m*rL) carries a C- 
valued pre-inner product on Cl, and completing Cl gives a right Hilbert C-module 
Ml. Because L is bounded, the left action of C extends to an action of C by adjointable 
operators on the completion Ml. (The details are in (Zl §3].) In general the completion 
process involves modding out by vectors of length zero, so that the quotient carries a 
C-valued inner product. However, for the systems (C(T'^), aA, L), the module C[T^) 
has no vectors of length zero and is already complete (see 1261 Lemma 3.3]). So we 
dispense with the quotient maps q : Cl ^ Ml which were used in [Zl] to distinguish 
between elements of the algebra and elements of the bimodule. 

For an Exel system (C, a, L), we define the Toeplitz algebra T(C, a, L) to be T(Ml), 
and the Exel crossed product C(T'^) XaA,L to be the Cuntz-Pimsner algebra 0(Ml). 
This is not quite Exel's original definition IITSi , but for the systems (C[T'^), (Xa, L) of 
interest to us it is equivalent. (The precise relationship between Exel's crossed prod- 
uct and Cuntz-Pimsner algebras is worked out in IZl §3].) So T(C(T'^), oca,!-) and 
C(T'^) Xqc^^lN are generated by universal representations (iML>'i-c(Td)) and (Jml) jc(Td))- 

2.4. KMS states. Suppose that a is an action of R by automorphisms of a C*-algebra 
C. An element c of C is analytic if t crt(c) is the restriction of an entire function. 
A state 4) of C is a KMS state at inverse temperature (3 G (0, oo) if there is a set S of 
analytic elements such that span S is dense in C and 

(t)(dc) — 4)(cCTit(d)) for c, d G S. 

In 11231 §7], we were careful to explain why this definition is equivalent to that used 
in the standard sources 151 and II32II . We also adopt two more recent conventions 
which are possibly nonstandard. First, we regard the KMSq states to be the a-invariant 
traces; this agrees with the convention in ||32| rather than the one in ||5]]. Second, 
we use the conventions of Connes and MarcoUi |8l, which distinguish between the 
KMSoo states (those which are weak* limits of KMSp states as (3 ^ oo) and the ground 
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states (those such that z i-^ (^[c(y^[d)) is bounded on the upper half-plane). Neither 
HSB nor II32II makes this distinction. 



We describe a presentation of the Toeplitz algebra T(Ml) like that of T(N xi N^) 
in Il23l Theorem 4.1], or, more precisely, like that of the additive boundary quotient 
TIddfN XI ) in BE Proposition 3.3]. 

Proposition 3.1. Suppose that A G M^{Z) has det A ^ 0, and consider the Exel system 
(C(T'^), (Xa, L). Then the Toeplitz algebra T(Ml) is the universal C*-algebra generated by a 
unitary representation u : Z'^ U(T(Ml)) and an isometryv e T(Ml) satisfying 

(El) vura = ubtrV, and 



IfXlisa unitary representation ofZ'^ in a C* -algebra C and V G C zs an isometry satisfying 
(El) and (E2), then the corresponding representation (i];, re] o/Ml satisfies lira = 7t(ym) fl^nrf 



Remark 3.2. It might be helpful to see how our presentation is related to the presen- 
tation of 7Idd(N X N^) in 0. The isometries {vp : p G V} have become the single 
isometry v, and the additive generator s has been replaced by the unitary represen- 
tation u of the additive group Z'^. The relations (T2) and (T3) in [61, Proposition 3.3] 
are not needed because here "we only have one prime" (which we will normalise to 
e when we define our dynamics!), and the relation (Q6) in ||6l, Proposition 3.3] is re- 
placed by the assumption that u is a unitary representation. So we are left with (Tl) 
and (T5), which are analogous to (El) and (E2) respectively. 

The relation (E2) implies that {u^aV : ra G 1} is a Toeplitz-Cuntz family. The ana- 
logue of the relation (Q5) used in Il23l and HI is the Cuntz relation 



which is satisfied in the Cuntz-Pimsner algebra 0[M.]_] (see Proposition |3.3l below). 

Proof of Propos ition \3.1\ The Toeplitz algebra T(Ml) is generated by a universal rep- 
resentation (ijviL, i-c(Td))- It is shown in IZl Corollary 3.3] that T(Ml) is generated by 
the range of ic(Tdi and the single element S := iu^i^), that (ic(Td),S) is a Toeplitz- 
covariant representation in the sense of |7l Definition 3.1], and that (T(Ml), ic(T'i)) S) 
is universal for Toeplitz-covariant representations (p, V) satisfying 



In our system L(l ) = 1, and (TC2) implies that the operator V is an isometry. 

The Stone-Weierstrass theorem implies that the characters yra : z i-^ of T'^ 
span a dense *-subalgebra of C(T'^), and a representation p of C(T'^) is completely 
determined by the unitary representation u : ra i-^ p(ym) of Z'^. One checks that 
(^Afym) — TBm/ SO (TCI) is equivalent to (El). We will complete the proof by showing 
that (TC2) is equivalent to (E2). 



3. A PRESENTATION 




(E3) 1 =Lmeit-^mv)(u,nV)*, 



(TCI) Vp(a) = p(aA(a))V,and 
(TC2) V*p(a)V = p(L(a)). 
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To see what (TC2) says about the u^n,, we need to compute L(yTu]- For any f G C(T'^) 
and z — e^™" G T'^, we can compute L(f ) (z) by choosing one solution wq of o"a(w) = z, 
such as Wo = e^™'^ and computing 

wGker 



and hence 



detAl 

wGker (T/\ 



If TmlkeraA ^'^^ ^he identity character, then {ymlw) : w G kerffA} is a nontrivial 
subgroup of T, the sum is zero, and L(yra) = 0- So Liym.) ^ yra G (kerffA)"*"/ 
and for such m, L[y^){e^''^] = Tmte^"^^"''^) = TB-imle^"'")- Now 

G (ker ffA)^ ^ giWA-^n ^ ^ ^^j. ^ ^ 

^ m G BZ'i. 



Thus 

L(y 



unless m G BZ'i 

yg--^ ifmGBZ'i, 

and using this we can see that (TC2) is equivalent to (E2). 

For the last comment, recall from ^ §2] that the representation (\|), n) correspond- 
ing to the Toeplitz-covariant representation (p, V) in the above argument is charac- 
terised by 7t = p and V = ), and that p satisfies p(ym) = '^m- D 

We now want an analogous presentation of 0{M.i). To help keep things straight 
later, we write u := Q o u and v := Q(v). 

Proposition 3.3. Suppose that A G M^fZ) has det A ^ 0, and consider the Exel system 
iC[T'^]y (Xa, L). Then the Cuntz-Pimsner algebra 0{M.]_] is the universal C*-algebra gener- 
ated by a unitary representation u : Z'^ U[0(Ml)) and an isometryv G C(M.l) satisfying 
(El), (E2) and (E3). 

Proof. We need to prove that the unitary representation u and the isometry v sat- 
isfy (El-3) and are universal for families satisfying these relations. They satisfy (El) 
and (E2) because u and v do. To see that they satisfy (E3), note that the unitary 
Ura in Proposition 13.11 is ic(Td)(ym) and the isometry v is Iml^I )• W^e know from UTTl 
Lemma 2.6] that {yra : ra G 1} is an orthonormal basis for Ml, so Lemma 2.5 of | [T7| 
says that a representation (i|>, n) is Cuntz-Pimsner covariant if and only if 

(3.1) ^^]iMyMy^r. 

mel 

Since ym = ym ■ 1 in Ml/ we have 

(3.2) Qoi-ML(ym) = Qoic(Td)(ym)QoiML('l) = Q(Un,)Q(v), 

and Equation (|3.1)) for (Q o if^^^, Q o ic(Td)] reduces to (E3) for Q o u and Q(v]. 
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Next suppose that 11^^ and V satisfy (El), (E2) and (E3). Then Proposition |3.1| gives a 
representation n] of Ml such that U-t^ = 71(7,11^) and V = ), and, in view of (|3.2[) , 
(E3) implies that satisfies Equation (|3.1|) . Thus tt) is Cuntz-Pimsner covariant, 
and hence factors through a representation of C(Ml), and this representation takes 
"U-m = Qi'^m) to Utti and V = Q(v) to V because ij; x 7t takes to 11^ and v to V. □ 

Next we want a convenient spanning family to do calculations with. Again, we are 
looking for something similar to what we used in Il23l . 

Lemma 3.4. In T(Ml) we have 



(3.3) (u^vS*^< 



B)-i(n-p)+q 







z/i > I and p — n G B'^Z'^ 
ifi < I and p — n G B'^Z'^ 
otherwise. 



B-Mn-p) 



Proof. We compute, using first (E2) and then (El), to get 

(u^v^v*^u;)(UpvV*'u;) = u^v''v*^Up_nvV*'u* 

if i > I and p - n G B^Z'^ 
if i < I and p - n G B'Z'^ 
otherwise 

if 1 > I and p - n G B^Z'^ 
if 1 < I and p - n G B^Z'i 
otherwise. 







{"U-m+B 




B)-Hn-p)+q 



□ 



as required. 
Corollary 3.5. We have 

(3.4) riMJ = span{u^v''v*X : m, n G Z^ k, I G N}. 

Proof. Equation (|3.3|) implies that span{uraV^v*^u* } is a *-algebra, and it contains all 
the generators of T(Ml). □ 

Remark 3.6. Since u is a unitary representation, we have u* = u n, and the * in u* 
in (|3.4[) is technically redundant. We have retained the * to emphasise the parallels 
between this situation and the one in II23II . It also makes formulas more symmetric, 
and this sometimes simplifies calculations. 

4. A CHARACTERISATION OF KMS STATES 

The gauge action y : T ^ AutT(ML) is characterised by yz(iML(^)) = ^^m^M 
and YzliciTdjlf)) = i-c(Td)(f), or equivalently by yjv) = zv and yz(un^) = u^^. Our 
dynamics ct : M 
Then we have 



AutT(ML) is defined in terms of the gauge action by o"t — Ye"- 



,it(k-i) 



k *l 



which since z 1-^ e^^'^ is entire implies that the spanning elements UTaV^v*'^u* are all 
analytic elements. Thus a state cj) on T{M.i] is a KMSp state for cr if and only if 



(4.1) (t)((u^vVX](upvV'u;)) = e-'^-^'Pct)(( 



UpV V 'u 
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for all m, n, p, q G Z'^ and i, j, k, I G N. 

The next result is an analogue of 11231 Lemma 8.3]. 

Proposition 4.1. The system [T{M]_)^<j) has no KMSp states for (3 < log|detA|. For 
(3 > log I det A|, a state cj) o/T(Ml) is a XMSp state if and only if 



(4.2) (t)(u^vS*^u; 




unless k = I and ra — n G B'^Z'^ 
if]c = landm-ne B^Z'^. 



Proof. Suppose that 4) is a KMSp state on (T(Ml), o"). Then for every ra G Z'^, we 
have 

Since {uraV : ra G 1} is a Toeplitz-Cuntz family with | det A| elements, we have 

1 =*(!)> X (t)(u^w*u;;,) = |detA|e-P. 

mel 

Thus eP > I det A|, and (3 > log | det A|. 

Next we verify that (j) satisfies (|4.2[) . Applying the KMS condition twice gives 

Since (3 > log | det A| > 0, this implies that ^[umy^v*^u^) = unless k = I. For k = I 
we have 

(4.3) 4)(u^vVX) = e-"P(l)(v*"u;u^v^) = e-'^P(t)(v*'^Un,_nV^]. 

From k applications of (E2), we see that 

unless m - n G B^Z'^ 

■u-B-k(m-n) if ra — n G B^Z'^, 

and (|43l) implies (l42b . 

Now we suppose that 4) is a state of T(Ml) satisfying (|4.2[) , and aim to prove that 
4) is a KMSp state by verifying (|4.1[) . There is a certain amount of symmetry to the 
two nonzero alternatives in formula (|3.3[t , so we may as well assume that i > I and 
p - n G B^Z'i. Then (HD and imply that 4)((u^u''u*X)(i^vV'u*)) is 

unless k + i - I = j and ra + B^^Hp - n) - q G B'Z^ 

e^P(t)(UB-j(^^^+Blc-l(p_n)-q)] if k + 1 - I = j and TTL + B^^Hp " TT-) " q ^ B'Z'^. 

The right-hand side of (|4.1[) also vanishes unless k + i — I = j, so we assume this from 
now on. Rewriting this equation as k — j = I — i shows that our assumption i > I is 
equivalent to k < j. Thus when we calculate the right-hand side of (|4.1[) , the second 
alternative in (|3.3|l comes into play: 

1 otherwise 

if q - m G B'^Z'^ and p - B^-^(q - m) - n G B^Z'^ 
otherwise. 
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Multiplying this by e gives the right-hand side of (|4.1[) , and in view of the equa 



tion k + i — I = j, it follows that the right-hand side of (|4.1[) is 




(p-Bi-Mq-m)-n)) if q " TU G B^Z'^ and p - B^-^(q - m) - n G B^Z'^ 
otherwise. 

Since 

B-Hp - B^-''(q - m) - n) = B-^P - n) + B-'^+'^-^l (m - q) 

= B-'+^-^ (p - n] + B-Hm - q ) , 

we have 

SO the numbers arising on the two sides of (|4.1[) are the same, and it remains to check 
that the conditions for nonvanishing are equivalent. So we need to check that 

p - n G B^Z'^ and m + B'^^Hp - n) - q G B'Z'^ 

^ q - m G B^Z'^ and p - B^"''(q - ra) - n G B'Z'^. 

Suppose that the first set of conditions holds. Then q — m belongs to the coset 
g(k-i)(p _ -pl] -)- B'Z'^, which is contained in B'^Z'^ because k < j and B^^[p — n) is 
in Z'^, and 

p - B^-^(q - m) - n = B^^^fB^^Hp - n) - (q - ra)) 

belongs to B^-'^B'Z'i = B^-'^+^Z'^ = B^Z^. So the forward implication holds, and similar 
arguments prove the converse. We have now proved (|4.1[) , and thus cj) is a KMSp 
state. □ 

5. KMS STATES FOR (3 = log | det A|. 
We begin by showing that the Exel crossed product has very few KMS states. 
Proposition 5.1. If is a KMS^ state on (0(Ml), a), then (3 = log | det A|. 
Proof. We compute using the relation (E3) and the KMS condition: 

mel mGl 
mel mel 

= _^e-P(l)(l) =Ne-P, 

mel 

since |I| = |Z'^/BZ'^| = |detB| = |detA| = N. □ 

Lemma 5.2. Every i<MSiogN state of (T(Ml), ct) factors through the quotient map Q of 
TIMl) onto 0(Ml). 
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Proof. Suppose that cj) is a KMSiogN state of (T(Ml), ct). The formula (|4.2[l implies that 
cj)(un^w*u^) = and hence 



mGl 

Now the argument of 11231 Lemma 10.3] implies that 4) vanishes on the ideal generated 
by 1 — '^Tnfzz u^mvv*u^. But Proposition 13.31 says that this ideal is the kernel of Q, and 
the result follows. □ 

The next result was first obtained by Ted Boey as an application of the general 
theory in ||2T||. 

Theorem 5.3. Suppose that A G M.d(Z) has N := | det A| 0. Then there is a KMSiogN 
state 4) of{0[Mi)^ cr) such that 



(5.1) (\)[u^v^v*^u 




unless k = 1 and ra = n 
ifk = I and ra = n. 

If A is a dilation matrix, then this is the only KMS state of (0(Ml), cr). 

We will construct the state by factoring through an expectation onto the commuta- 
tive subalgebra spanned by the range projections of the generators. 

Lemma 5.4. Suppose that A G M.d(Z) has nonzero determinant. Then there is an expecta- 
tion E o/C(Ml) onto 

(5.2) C>(Ml)^ span{u^v^v*^u;, : m G k G N} 
such that 

(5.3) E(u^v'^v*^u;) 



unless k = I and ra = n 
u-n{v^v*^vC^ if k = l and ra = n. 



We prove this by averaging over a dual coaction, following a line of argument used 
in [|22| and Il23l (and this explains the notation 0[Mi)^). We will later give a second 
proof which avoids the use of coactions. 

First proof of Lemma The Baumslag-Solitar group Z[B^^] xZ is the semidirect prod- 
uct of the additive subgroup Z[B^^] |J^, B^^Z'^ of Q by the action of Z by powers of 
B. We write e for the canonical unitary representation of Z[B^^] x Z in C* (Z[B^^] xi Z), 
so that in particular 

e(o,i)e(m,o) = £(Bm,i) = e(Bm,o) 6(0,1)) and 

6*0,1) £(m,0) £(0,1) = £(B-im,0)- 

These identities imply that U^u := Um ® e(m,o) arid V := v ® e(o,i) satisfy the rela- 
tions (El), (E2) and (E3), and hence give a homomorphism 6 := 7tu,v of C(Ml) into 
0[Mi) (g) C*(Z[B"^] X Z). One can check on generators that 6 is a coaction of Z[B"^] x Z 
on 0{M.i). Since Z[B^^] x Z is amenable, averaging over this coaction gives an expec- 
tation E of C(Ml) onto the fixed-point algebra 

0[M^Y := {a G C(Ml) : 6(a) = a ® 1 = a ® e(o,o)} 
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(see II22I Lemma 6.5]). Since 

UrnV^v*^u^ belongs to the fixed-point algebra if and only if (m, k) = (n, I), and thus E 
satisfies (|5.3|) . Since E is norm-decreasing, and the ivv'^v*'^u* span a dense subspace 
of C( Ml], (Q implies (Q. □ 

The coaction-free proof of Lemma 15.41 involves averaging twice over actions of 
abelian groups. Averaging over the gauge action y : T ^ Aut C(Ml) gives an expec- 
tation E"'' onto the fixed-point algebra C(Ml]"''; since this expectation is continuous 
and kills elements u^uv'^v*'^!!* with k ^ I, we have 

(5.4) C(Ml]^ = span{u^vVu; : m, n G k G N}. 

For this proof of Lemma l534l we need to analyse the structure of (9(Ml)^, and since 
we'll use this analysis elsewhere in the proof of Theorem 15.31 we might as well do it 
properly now. As a point of notation, we write 

(5.5) Ik := + + ■ • ■ B'^-Vk : ^ G l'^}, 
and observe that Zk is a set of coset representatives for Z'^/B^Z'^. 
Proposition 5.5. (a) For each k > ],weset 

Ck := span|um^v^v*'^il* : m, n G Z'^}. 



Then the Ck are C*-snbalgebras ofO[M]_y satisfying Ck C Ck+i and 0{M.]_y = IJj^^ Ck- 

(b) For each k > 1, {ej^^ := Umy^v*^u^ : ra, n g Ik} a set of nonzero matrix units 
which spans a matrix algebra Mi^(C). The respresentation u ofZ'^ in C(Ml) maps B^Z'^ 
into Ck, and every u^k^ belongs to the commutant o/Mx^(C] in Ck- 

(c) The inclusion ik o/Mi|^(C) in 0{M.]_y and the integrated form. 7Tu,k of ulBk^d give 
an isomorphism ik ® Tt^^k of Mi|^(C] ® C*(B^Z'^] onto Ck which carries e^^^ Cg> e^k^p into 

Proof. Calculations using the relations (El) and (E2) show that 



(5.6) (u^vV'^u;](upvV^u!] - , V V . 

^ ' ^ ^ ^^^^ ^tU+p_nVV^U; ifp-Tl G B^^Zd, 

which implies that Ck is a C* -sub algebra. The Cuntz relation (E3) implies that 

pGi pel 

which in view of the definition of Ik+i implies that Ck C Ck+i. Now C(Ml]^ 
Ukli follows from (|5.4|) , and we have proved (a). 

Since {Sra := UmV : ra G 1} is a Cuntz family, for each fixed k the products {S^ 
S^, ■ ■ ■ : [IE I^} form a Cuntz family; since 



unless p - n G B'^Z 
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this Cuntz family is precisely {Utuv'' : m G 1^}/ and it follows that the ej^ are nonzero 
matrix units. The relation (El) implies that u^v^ commutes with every e^^, which 
gives (b). 

Since the representation of C*[B^Z'^] in C(T'^) is faithful, and since jc(Td) : C[T'^] 
^aA.L^ — C^(Ml) is injective (by lIZl Corollary 4.3], for example), tTu i^ is injective, 
and hence so is the representation Lk 8) n^^^ of Mi^(c) ® C*[B^Z'^] = MiJC*(B^Z'i)). 
It is surjective because every m e Z*^ can be written uniquely as m' + B'^m" for some 
m' G Ik/ and then 

U^nV V = UBicTT,/,(Uin'V V U^,)u^^^„ 

is in Ck because each matrix unit and each u^k-^f are. To see the last assertion about 
what Lk ® Ttu^k does to e^^ ® eeicp, recall that the representation cj) i|) of a tensor 
product C ® D coming from commuting representations (() of C and i]; of D takes 
c (g) d to 4)(c)\l>(d) = ■i|j(d)(tj(c) (see OH Theorem B.2], for example). □ 

Corollary 5.6. There is a continuous action x ofT'^ on 0{M.]_y such that 

(5.7) r^[u^v^v*^u*J = z'^"^u^v^v*^u; for m, n G Z^ k G N. 

Proof. There is a continuous action r\ of T'^ on Mi^(C) such that ri2(ej^^) = z^^^e^^^ 
— indeed, r\z is conjugation by the unitary Y.meL^ ^^^m,m.- Lifting the dual action of 
[B^Z'^)^ = T'^/(B''Z'i)^ to T'l gives an action C of T'^ on C*(B''Z^) which multiplies 
the generator eBi<m by z^''^. Pulling the action r] C on M^^^^q C*(B''Z'^) over to 
C(Ml)^ under the isomorphism of Proposition IS.Sf c) gives an action t*^ on Ck which 
satisfies (|5.7[) (for fixed k). A calculation using the Cuntz relation (E3) shows that the 
automorphisms combine to give an automorphism x^, of IJk^i ^k/ which is isomet- 
ric because each is, and hence extends to an automorphism of 0[M.i]^. Continuity 
follows from the continuity of scalar multiplication. □ 

Second proof of Lemma \5M Averaging over the action t of Corollary 15. 6l gives an expec- 
tation of 0[Mi)^ onto OiMi)\ and E := o E^ has the required properties. □ 

Proof of existence in Theorem \53[ The description of 0[M.i)^ in (|5.2|) shows that each 
cft is the identity on C(Ml)^, so it suffices to find a trace t on 0[M]_Y such that 
r{umV^v*^ul^) = N"^, and then Proposition 14.11 implies that t o E is a KMSiogN state 
on(0(ML),(T). 

We can write each m G Z'^ uniquely as ra' + B^ra" for some ra' G lk/ and then 
part (b) of Proposition 15.51 implies that 

— — * f — — k — *lc — * ^ 



Now part (a) of Proposition 15.51 implies that 

Dk := span |um^v^v*^u^ : m G Z'^} = span {ura'V^v*^^, : ra' G Ik} 

is a finite-dimensional commutative C*-algebra, and that Dk has a normalised trace 
Tk satisfying Tk(uTaV^v*^uJ^) = N"^. The Cuntz relation (E3) implies that Dk C Dk+i, 
and the normalised traces Tk combine to give a trace t on 0(M.l]^ = IJk such that 
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T(urav'^v*^u* ) = N ^. Then, as foreshadowed above, cf) := t o E is a KMSwn state on 



(C(Ml), a) satisfying dSH). □ 

For the proof of uniqueness, we need a standard fact about dilation matrices. 

Lemma 5.7. J/B is an integer dilation matrix, then f]^, B'^Z'^ = {0}. 

Proof. Suppose that ra G flklo Then B^'^ra belongs to Z'^ for every k, and since 

we know from fUi Lemma 4.12], for example, that ||B^^ra|| ^ as k ^ oo, we must 
have B^ra = for large k, and m = 0. □ 



Proof of uniqueness in Theorem \53\ Suppose that 4) is a KMS state of (0(Ml), cr). Propo- 
sition |5J] implies that 4) has inverse temperature |3 = log N. We need to prove that cj) 
satisfies (|5.1|) , and comparing (|5.1|) with (|4.2|) (which we know holds with e^^^ — N^^) 
shows that we need to prove that (t>(un) = for all nonzero n. So suppose n G Z'^ 
and n 7^ 0. Lemma \57\ implies that there is a smallest integer k such that n does not 
belong to B^Z'^. Then, recalling from the proof of existence that {umv'^ : ra G Ik} is a 
Cuntz family in 0(M]_), we have 

melk Taglk 

which vanishes by (|4.2[) because (n + ra) — m = n is not in B^Z'^ for every ra. □ 

It seems to be quite easy to find representations of 0[Mi), and we describe an 
interesting one in the following example (which was one of our reasons for becoming 
interested in the C*-algebras associated to dilation matrices in the first place |[T7|). 
However, it does not seem to be so easy to find natural Hilbert space representations 
of 0[M]_) in which the KMSiogidetAi state is a vector state. 

Example 5.8. The operators V and Um on L^fT'^) defined by 

(V£,)(z) = £,(aA(z)) and (U^£,) (z) = z^£,(z) 

satisfy (El-3), and hence give a representation of 0{M.i) on L^(T'^). The Cuntz family 
{UraV : ra G 1} is one of the sort studied by Bratteli and Jorgensen in the context of 
wavelets IH, or more precisely, one of the more general sort studied in Q. 

To make the connection, note that the characters {yn : n G 1} form an orthonormal 
basis for the right Hilbert module Ml, or what is called in ||2|] a "filter bank for dilation 
by A". It is shown in ||2l, Proposition 2.2] that any filter bank {rai : < i < N} gives 
rise to a Cuntz family Si := M(rai)V, where M.(f) is the operator of multiplication 
by f G C(T'^). In the construction of wavelets, the more interesting filter banks are 
those in which rao is "low-pass", which implies in particular that rao(1 ) = N^^^ and 
rai(l ) =0 for i > (see |l2l, Example 4.2]); the filters yn satisfy |ynl = 1, and hence are 
"all-pass". 

Remark 5.9. Exel has previously studied KMS states on Exel crossed products IIT6B , 
and we now reconcile our result with his |fT6l Proposition 9.2]. The situation in IIT6B is 
more general than ours, but applies with h = el and E = ao L, which is easily seen to 
be an expectation oi C[T'^) onto the range of oc; since our orthonormal basis for Ml is 
a quasi-basis, E has finite type with index N := | det A| (strictly speaking, ind E is the 
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element N1 of C(T'^)). Exel proved in ||T6l Theorem 8.9] that there is an expectation 
G : C(T'i) x„,L N ^ jc(Td)(C(T'i]) such that G(ivv'^v*^u;) = Sk.iN-VnK; in our 
situation, it is quite easy to check directly that G is given by first averaging over the 
gauge action y, and then combining the expectations Gk on Ck span{uTavH'*^u*} 
defined by Gk(T] = N-^^ ^^^^^ UpTu; to get G on (C(Ti] x N)^ = Uk>o Ck (see M 
Corollary 7.5]). Then mH Proposition 9.2] implies that the KMSp states on C(T'^) x 
have the form (j) o G, where (j) is a trace on CtT'^) satisfying ct)(f) = e^'^N({)(L(f)) for 
f e C(T'i]. 

Traces on C(T'^) are given by measures [x, and Exel's condition says that yi satisfies 



(5.8) 



Y_ f(w) d^(z) for f e C(T'^]. 



It follows from 12] Lemma 2.3], for example, that the Haar measure A on T'^ satisfies 
(|5.8|l with 1 = e^l^N, and since 11^ G C(T'^) x N is the image of the function in 
C(T'^), the corresponding KMSiogN state i[) on C(T'^) l N satisfies 



unless k = I 

J^dN-'^z'^z-^dA(z) ifk = l 

unless k = I and m — n 
N"^ if k = I and ra = n. 

Thus Exel's result also gives the KMSiogN state described in Theorem |5.3l even though 
his state was obtained by factoring through a different expectation on C(T'^) x^t^ l N. 

6. Existence of KMS states for |3 > log | det A|. 

Our goal here is to prove the existence of KMSp states for (3 > log | det A|. Note 
that, when A is a dilation matrix. Lemma \5?7\ implies that the sum on the right-hand 
side of (|6.1|) is finite. 

Proposition 6.1. Suppose that A G Md(Z) satisfies det A and that (3 > log|detA|. 
Then for each probability measure [i on T^, there is a KMS^ state i|» = ijip^^ of (T(Ml), cr) 
such that t|)(UttiV^v*'^u* ) vanishes unless k = I and m — n G B^Z'^, and 



(6.1) ij^(u^vW;) = (1 -|detA|e-P) Y_ IdetAr^e^^ 

{j>k: m-nGB)Zd} 

when k = I and m — n G B^Z'^. 



^B->(m-n) ^^^^^ 



We use the representation M of C(T'^) by multiplication operators on L^(T'^, d\x], 
and use the same notation for the corresponding unitary representation of Z'^, so that 
Mttl := M.(yra). For each j G N, we have a unitary representation M o B^' of the sub- 
group B'Z'^ of Z^, and we denote by "Hj the Hilbert space of the induced representa- 
tion Indgj^d MoB^. Our state \|j|3 ^ will be built from vector states for a representation 
7t^ofr(MOon?/,:=e;:o?/j. ' 

We will need to do some calculations in the Hilbert spaces Tiy and for this it is 



convenient to use the sets Ij described in (|5.5|): for g G Z'^/B'Z'^, we write Cj(g] for 
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the element of Ij such that Cj(g) G g. Then (from [34, page 296], for example) "Hj is 
the completion of the space 

Vc {£,: Z'l ^ 1^(1^(1^) such that £,(ra - n) = MB-i^(£,(m)) f or n G B^Z'^} 

in the inner product defined by 

(^|ti)= Y. (^(Cj(g))|Ti(cj(g))) = Y. [/(Cj(g))(z)Ti(Cj(g))(z)d^(z). 

(Although we have used the cross-section Cj to get a useful formula for the inner 
product, the translation condition on £, and r\ means that this inner product does not 
depend on the choice of Cj.) Then the induced representation acts on "Hj by 

((Ind^f^a M o B-i)^£,) (n) = £,(n - m). 

We now take U to be the unitary representation of Z'^ on Hyi defined by 

U:= e~o(lnd^iz^MoBH). 

For each j > and £, G "Hj, we define 



unless m G BZ^ 

£,(B-im) ifmGBZ'i; 



a quick calculation shows that Vj£, belongs to 'Hj+^ . The Vj combine to give an isome- 
try V on "H^ = 0. "Hj, and the adjoint V* is given on "Hj+i by the formula ( V*£,) (n) = 
£,(BrL). Calculations show that the pair (U, V) satisfies (El) and (E2), and hence there 
is a representation 7t^ of T(Ml) on such that 7r^(ura) = Ura and 7r^(v) = V. 

We now let eo,o be the constant function 1 viewed as a unit vector in "Ho = (T'^, d\x) . 
For j G N and g G Z^/WZ^, we define ej^g := Uc.(g)V^eo,o/ so that for each j, 

{ej,g : g G ZVE^Z^^} 

is an orthonormal set of | det Bp — \ det A|' vectors in T-Ly We view them as elements of 
T-Lf^ by adding Os in the other summands. Inspired by the proof of H23l Proposition 9.3], 
we define 

oo 

MT) := [^-\detA\e-^)Y_ Y. e-^P(7t,(T)ej,g | e^J. 

j=0 geZ'i/BiZ'i 

Summing the geometric series ^^(1 det A|e^'^)' shows that this series converges in 
norm in T(Ml)*, and that the sum is a state i|> of T(M.l). 

Next we fix ra, n G Z'^ and k, I G N, and verify the formula for \Jj(uTaV^v*'^u* ). Then 



V*^U;ej,g=V*^U:Uc^(g)V'eo,o 



unless I < j 



V*U,(g)-nVieo,o ifl<j 



belongs to T-Lj-i, and hence 
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unless k = I < j 

(V*i^Ue.(g)_nVieo,o I V*i^Ue,(g)_^Veo,o) if k = I < j. 

We now recall that "Hj-k is the Hilbert space of the representation Indgj-iczd (M o B'^"^), 
and hence 

(V*'^U,,(gi_,Veo,o I V*'^U,.(g)_^Veo,o) 

= (V*'Ue.(g)-nVeo,o(Ci-k(H)) I V*^Ue.(g)-^Veo,o(Ci-k(H])) 

= Y. (Uc,(g)-nVeo,o(B'^C3_k(H)) I Uc.(g)-^Veo,o(B^Cj_k(H)]) 

(6.2) = Y. (V'eo,o(B"cj_k(H) - Cj(g) + n) | V'eo,o(B'^C3_k(H) - Cj(g) + m)). 

HeZd/B)-kZd 

The h-summand vanishes unless both 

(6.3) B^Cj_k(H) -Cj(g) +n G B'Z'^ and B^Cj_k(h) - Cj(g) + m G B^Z^ 
As a function in the Hilbert space 

Ho = H[lndf, M) = {£, : ^ L^(T^ d^i) such that £,(-n) = Mn£,(0)}, 

eo,o satisfies eo,o(q)(z) = z^^ and (Vieo,o)(B'q)(z) = eo,o(q)(z) = z^^i. Thus, when both 
criteria in (|6.3|) are satisfied, we have 

(6.4) (7r,(u^v^*i^<)ej,g | ej,g) = (V*^U,,(g,_>eo,o I V*'^U,,(g)_^Veo,o) 



(6.5) 



^-B-)(B''Cj_k(H)-Cj(g)+n)^_B-i(Bkcj_k(H)-Cj(g)+m) 

Td 

^B-i{m-n) 

(Notice that when (|6.3[) holds, we have m— n G B'Z'^, so the last integral makes sense.) 
For each pair m, n such that m— n is in B'Z'^, and each h in Z'^/B'^^Z'^, there is exactly 
one g such that (|6.3|) holds. Thus, using (|6.2|) to view 

(6.6) Y. ^"'^ (7r,(u^v^*V;]ej,g | ej,g) 

as a sum over g G Z'^/B'Z'i and H G Z^/B'^^Z^, we find that has exactly 

IZVB'^^Z'II = IdetAp-'^ 

nonzero terms, each of which is equal to (|6.5|) . Thus \|j(uTavN*^u* ) vanishes unless 
k = I and m — n G B^Z'^, and then equals 



(6.7) (1 -|detA|e-P) Y IdetArV'P 

{i>k : m-ngB)Zd} 

as stated in the Proposition. 



^B-i(m-n1 ^^^^^ 
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We still need to prove that i|> is a KMSp state, and we will do this using Proposi- 
tion l4.1[ So we need to compute e^^^\\)[u^-ki^^_j^^) under the assumption that ra — n G 
B^Z'^. We have already done most of the work: the calculation (|6.4[) shows that 

oo 

e-^P-i|;(uB-k(^_^)) = e-'^Pfl -|detA|e-P)^ ^ e^'^ (UB-.(^_n)ej',g I ej',g) 

j'=0 geZd/Bi'Zd 



e-^H^ -\detA\e-^) ^ H ^ 



^BH B-''(m-n) ^^^^^ 



{]' : B-k(m-n)eB)'Zd} geZd/Bi'Zd 

^BH'B-.c(m-nl ^^^^ 



e-^P(l -IdetAle-P) ^ IdetAP'e^'P 

{]' : B-k(m-n)gB)'Zd} 



which reduces to (|6.7[) on writing j = j' + k. Thus Proposition 14. II implies that t|> is a 
KMSp state, and this completes the proof of Proposition 16.11 

7. PARAMETRISATION of KMSp STATES 

Proposition 7.1. Suppose that A G M.d(Z) has nonzero determinant and |3 > log | det A|. 

Then the map \i ^ of Proposition 16.11 is an affine homeomorphism of the simplex P{T^) 
of probability measures onto the simplex ofKMS^ states for (T(Ml), cr). 

As in Il23l §10], the crux of the argument is a reconstruction formula which allows 
us to recover a KMSp state from its "conditioning" cjjp to a comer PT(Ml)P. In the 
present situation, though, the projection 



P:=1- ^c(g)VvX(g) = n n-Uc(g)WX(g) 

geZd/BZd gezd/ 



belongs to T(M.l), so we don't need to resort to spatial arguments to make sense of 
the conditioning: we can just define 

= 1-|detA|e-3 '»"'°'''' 

and then since 4)(uc(g)W*u*jg)) = e^^, the normalising factor ensures that 4)p is a state 
of T(Ml). We can now state our reconstruction formula. 

Proposition 7.2. Suppose that |3 > log] det A|, and that cf) zs a KMS^ state on T(Ml). 
Then for every a G T(Ml) we have 



n 



(7.1) 4)(a) =^lim(1 -|detA|e-P)_^ Y. ^''^^^{^*%l9)^^c,l9)^')- 

j=0 geZd/BiZd 



Convergence of the limit in Proposition 17.21 will follow from the following simple 
lemma: 

Lemma 7.3. Suppose that (|) is a state of a unital C* -algebra A, and that {pn} is a sequence 
of projections in A such that 4)(pn) 1- Then 4)(pnapn) (^[o.]for every a G A. 
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Proof. We know that <^[] — Pn) = 1 — 4^(Pn] 0, so the Cauchy-Schwarz inequality 
for (f) implies that (t)(a(l — Pn)) ^ for all a G A. Another application of the Cauchy- 
Schwarz inequality shows that 4)(pna(l — p^)) also, so 

(t)(a) - (t)(pnapn) = 4>(a(1 -pn)) + 4>((1 -Pn)apn) ^0. □ 

When we apply Lemma 17.31 the projections pn will be sums of the projections in 
the next proposition. 

Proposition 7,4, For j G N and g e jWl^ we define 

Then the Pj,g are mutually orthogonal projections in T(Ml). 

The proposition follows from the next lemma. 
Lemma 7,5, For each pair (j, g) and (I, h] we have 

, 1 f P zfi = I and q = H 

Proof. If j 7^ I, say j < I, then for ra G Z'^ we have 



Pv*^u„v^P 



'PuB-inxV^^P ifraGB'Z'i 
otherwise. 



Now every n G Z'^ (including n = B 'ra) has the form n = c(n) + Bk, so 

PUnV'^P = PUc(n)+Bkw'"'"^P = PUcfnlVU^V^-'-^ P, 

which vanishes because P contains the factor ( 1 — Uc(n) vv*u*j^j ) . So Pv*'Urav'^P vanishes 
when j 7^ I, and for j — I, Pv*'Ucj(H)-Cj(g)V^P vanishes unless Cj(h) — Cj(g) belongs to 
B'Z'^, which occurs precisely when g = h in Z'^/B^Z'^. □ 

Proof of Propos ition \7.2\ We aim to apply Lemma [73l with 

n 

Pn := ^ }^ Pj,g, 

i=o geZ'i/Bizd 

which is a projection by Proposition 17.41 So we need to compute (t)(pn)/ which we do 
using the KMS condition: 

n n 

^iVn)=Y. L 4)(Pj,g)=^ Y. *K(g)VPv*'u:^(g)) 

3=0 geZd/BiZd 3=0 geZd/BiZd 

n 

^Y Y. e-iP4)(Pv*'u;(g)U,^(g)VP) 

3=0 geZ-i/BiZd 
n 

= 4)(P)^|detApe^P (by Lemma [731) 

j=0 
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= (1 - I det A|e-^) | det APe^'P, 

j=0 

which on summing the geometric series converges to 1 as n ^ oo. So Lemma 17.31 
implies that for every a G T(Ml), we have 



Applying the KMS condition shows that this sum is 



L L L e-iP4)(Pv*iu*^,gjaUeahiv^PvX(H)K(giv'P)), 



and it follows from Lemma [731 that the summands are zero unless j = I and g = H, in 
which case the right-hand factor Pv*'^u*^j^jUcj(g)V'P collapses to P, and we recover the 
desired formula (|7.1|) . □ 



Proof of Propos ition \7.1\ The formula (|6.1|) for ij^p^^ shows that |j. t-^ i|>|3,^ is affine and 
weak* continuous, and both sets of states are weak* compact, so it suffices to show 
that [ih^ is surjective and one-to-one. 

To see that (x i-^ l|)|3,^ is surjective, suppose that cj) is a KMSp state of T(Ml). On 
C*(u) = C(T'^), the conditioned state cj)? is given by a probability measure |x; we 
choose [I such that 

(t>p[um) = &\i[z) for m e Z'^, 

Jt^ 

and aim to prove that cj) = i|>|3,^. Since both states are KMSp states, formula (|4.2|) 
shows that it suffices to check that 4)[ura) = 4'p,^(tJtu)- Since Z'^ is abelian, the recon- 
struction formula (|7.1[) implies that 

n 

ct)(u^) = lim(l - IdetAle^P) )~ Y e^P4)p(v*'u^v') 

j=0 ggZd/BiZd 
n 

= lim(1 -|detA|e-P) Y | det APe^P(t)p(v*'u^v') 

n— >oo — 

= lim(l - |detA|e-P) Y | det APe^^ct^pK-inx) 

n— >oo — 

{j<n : meBiZ'i} 

= (1 - I det A|e-P) Y_ ' det Ape^'P 

{j:mgB)Z'i} 

which by (|6.1|) is precisely ii'|3,^(ura)- We have now proved surjectivity. 

To see that our map is one-to-one, suppose that \i. and v are probability measures 
on T'^ and tj^p,,^ = i|'(3,v Write M^(n) for the nth moment J-j.^ d.|J.(z) of and fix 
ra G Z'^. Two applications of (|6.1|) show that 

(7.2) ^ |detAPe^f^M^,(B^m) = | det Ape^PM^lB^m). 

{j : meBiZd} {j : mSBiZd} 
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The left-hand side of (|7.2|l can be rewritten as 
M^{ra)+ Y_ IdetApe^PM^(B-'m) 

{] : i>0, meBiZd} 

= M^,(m) + |detA|e-P | det Ar^e-t'-^^PM^(B-''-^'B-^m) 

{j : j>0, meBiZd} 

= M^,(m) + |detA|e-P Y_ I det Ap'e-''PM^,(B-^'B-^ra), 
which by (|6.1|) is 

M^(ra) if m is not in BZ'i 

M^(m) + I det A|e-Pi|)p,^(uB-iTu) if m G BZ'^. 

If m is not in BZ'^, then (fZ^)) says precisely that M.^(m) = My[m); if ra G BZ'^, then, 
since ^l'(3,^(uB-lm) = ■^p.vf'U-B-im)/ Subtracting | det A|e"P\lj|3,^(uB-iTu) from both sides 
of (|7.2[) shows that M^(ra) = Mv(ra). Thus (x and y have the same moments, and are 
therefore equal. □ 

7.1. Limits of KMS states. Proposition 17.11 describes all the KMSp states for (3 > 
Pc := log I det A|, and Theorem 15.31 says there is exactly one KMSp^ state when A is a 
dilation matrix. So it is natural to ask what we can say about the KMSp^ states when 
A is not a dilation matrix. General results from [51 suggest that we might be able to 
find other KMSp^ states by taking limits of KMSp states as (3 ^ |3c from above. 

Proposition 7.6. Let [i G PfT'^). Then there is a decreasing sequence (3n Pc such that 
{4'Pn,^} converges weak* to a state and then -^y, is a KMS^^ state of (T(Ml), ct). 

Proof. Choose any decreasing sequence converging to (3 c/ and the weak* compactness 
of the state space implies that there is a subsequence {|3n} such that {il'Pn,^} converges 
in the weak* topology. Now |5l Proposition 5.3.23] implies that the limit is a 
KMSp^ state, at least when |3c > 0. When |3c = 0, ||5l Proposition 5.3.23] only asserts 
that ^JJ^ is a trace (because that is what being a KMSo state means in |5l). However, 
KMS|j states for |3 > are a-invariant, and hence so is the limit. Thus is a KMSo 
state in the sense we are using. □ 

We now assume that A is not a dilation matrix, so that f]°lQ B'Z*^ could be bigger 
than {0}. Suppose (3 > (3c and write r = e^^'^^'^'^'. As in the last proof, we write M.^(ra) 
for the rath moment J^^ 2;^ d|j.(z). Rearranging (|6.1|) shows that '[\)p,^f^[umy^v*^u^) van- 
ishes unless k = I and ra — n G B^Z'^, and then equals 

(7.3) Y_ e-^P(l -r)r'M^,(B-t'+^'(m-n)). 

{j>0:m-n6B)+''Zd} 

So we want to compute the limit of (|7.3[l as (3 ^ (3c, in which case r — > 1 — . If ra — n 
does not belong to O^Iq B^+^Z'^ = (~]°1q WZ^, then the sum in (|7.3|) is finite, and since 
(1 — r)r' ^ as r ^ 1 for each fixed j, (|7.3|) converges to as r 1 . So it remains for 
us to compute the limit of (|7.3|) when ra — n G (XIq B'Z'^. Unfortunately, this seems to 
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be a fairly delicate matter (see Remark l7.7l below), and the best we can do is illustrate 
the issues with some examples. 

(a) If [J. is normalised Haar measure on T'^, then M^(0) = 1 and M.|j^(ra) = for 
all other m. The series in (|7.3|) is identically zero unless m = n, and then is 
geometric; summing it shows that 



^^-^"-"'"""^^ = 1 e-^ ifk = landm 



unless k = I and m = n 



n. 



Letting (3 ^ |3c gives the state described in Theorem I5.3[ 
(b) If [I has the property that M^(ra) = 1 for every ra e r\]lo ^^^^> then the series 
in (|7.3|) is geometric whenever m — n G Pjj^o B^^'^- Summing and letting |3 
|3c shows that the limit satisfies 



unless k = land m-n G n,=oB'^'^ 
-i^Pc if k = landm-n G ni^oB'^'^- 



(c) The previous item (b) applies in particular to the point mass 6i at the identity 
1 = (1 , 1 , ■ ■ ■ , 1 ) of T^. This shows that the KMSp, state in Theorem |53] is 
unique if and only if n,=o ^'^^^ = {0}- 

(d) Consider the matrix A = ( g o), for which n,=o ^^^^ = {^i x ^- Then item (b) 
applies to any measure of the form a/ x 5i . Thus when A is not a dilation matrix, 
we expect there to be many KMSp^ states besides the one in Theorem I5.3[ 

(e) We wonder whether every KMSp^ state is a limit of KMSp states. It is trivially 
the case in our examples when | det A| > 1 , and in these examples it also works 
for |3c = 0. 

(f) When |3c = 0, we have to be careful to distinguish between traces (the KMSq 
states in |[5i) and the invariant traces (the KMSo states in ||32| ). Certainly any 
limit of KMSp states will be invariant, so the answer to the previous question 
is trivially false with the definition in ||5]] if the algebra has traces which are 
not invariant. We give an example where this happens in Remark llO.lOl 

Remark 7.7. The obvious way to try to compute the limit of (|7.3|) as r ^ 1 — is to eval- 
uate it term-by- term. This amounts to pulling limr^i through the infinite sum, and 
therefore requires the dominated convergence theorem. Write mj := M.^(B^''+^'(ra — 
n) ). To apply the dominated convergence theorem, we need a convergent series Y.] ^] 
such that < (1 — r)r'|mj| < aj (and we need to consider a sequence {rn})- We know 
|mj| < 1 . Calculus shows that max{(1 — t)t^ : t G [0, 1]} occurs at + 1 ). So the best 
general estimate seems to be 

n-r)r.|m,l<('-yi^)(j^)'-|j^. 
Taking aj to be the right-hand side and bj := 1 /(j + 1 ], we have 

. ] J \ 3 

and the limit form of the comparison test implies that Y. '^j diverges. 
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So pulling the limit through the sum seems to be a nontrivial matter. Of course, it 
is really just as well we can't do this, since we know that Xj^o(l — T]r' = 1 ^ 1 as 
r 1 — , whereas the term-by-term calculation would give 0. 

8. KMSoo AND GROUND STATES 

Proposition 8.1. Suppose that A G M^lZ] has nonzero determinant. Then for every proba- 
bility measure \x on T'^, there is a KMSoo state il^oo,^ on (T(Ml), ct) such that 

Every ground state of (T(M.l), cr) has the form i|»oo,n/ is in particular a KMSoo state. 

The proof of 11231 Lemma 8.4] gives the following characterisation of ground states. 
Lemma 8.2. A state cj) o/T(M.l) is a ground state for a if and only if 



4^oo,H(UTnvV'-u;' 



otherwise. 



Proof of Proposition \8.1\ Choose a sequence {|3i} such that |3i oo; by passing to a 
subsequence, we may suppose that ii>|3^,^ converges in the weak* topology to a state 
'^oo,[i, which is by definition a KMSoo state. Next we verify the formula for ij^oo.n- As 
(3 oo, each summand in the right-hand side of (|6.1|) with j > goes to zero. Thus 
as i ^ oo, we have 




d^(z) if k = I = 
otherwise. 



and hence (l)oo,^ has the required form. (If A is not a dilation matrix, so that Hkli B'^Z'^ 
could contain nonzero elements, then the sum on the right-hand side of (|6.1|l could 
have infinitely many nonzero terms, and calculating the limit as i oo would require 
some analysis of the sort discussed in Remark |7.7[ ) 

If 4) is a ground state, then the restriction of cf) to the range of ic(Td) is given by a 
probability measure ]i, and then Lemma |8^ implies that ^ = ^\>oo,^l■ D 

9. The Toeplitz algebra of the Baumslag-Solitar semigroup 

We fix an integer N with N > 1, and consider the additive group Z[N^^] of rational 
numbers of the form mN^"^ for m, I G Z. The Baumslag-Solitar group is the semidirect 
product Z[N-^]>4Z with 

(r,k)(s,l) = (r + N^s,k + l). 

The semigroup semidirect product N xin N is a subsemigroup of Z[N^^] xi Z, and 
the pair (Z[N-i] x Z, N xn N) is closely related to the pair (Q x Q;, N x N^] studied 
in IE3. Indeed, the map (r, k) t-^ (r, N^) of Z[N-^] x N into Q xi carries N xn N 
into N X . The pair (Z[N^^] x Z, N x^ N) is also quasi-lattice ordered in the sense of 
Nica 1128 II . (One way to see this is via the embedding of Z[N^^] x N in Q x Q"^: we just 
need to check that if (r, k) G Z[N"M x N and (r, N"^] has an upper bound in N xi N^, 
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then the least upper bound constructed in [23j, Proposition 2.2] lies in N xi N^.) So 
(Z[N^^] X Z, N Xn N) also has a Toeplitz algebra T(N Xn N) which is universal for Nica 
covariant representations of N x^ N 1281123 . The Toeplitz algebra T(C(T), (Xn, L, N) is 
a quotient of T(N x^ N) analogous to the additive boundary quotient of T(N x ) 
studied in [61- We now discuss the KMS states on T(N xn N), following the analysis 
of E §4]. 

The Toeplitz algebra T(N xn N) is generated by two isometries s = T(i^o) and v = 
T(o,i], and an argument like that of l|23l §4] shows that (T(N x^ N), s,v) is universal 
among C*-algebras generated by a pair of isometries S and V satisfying 

(Tl) VS = S^V, 

(T4) S*V = SN-iVS*,and 

(T5) V*S^V = for 1 < k< N. 
We define %ddi.^ Xn N) to be the quotient of T(N Xn N) by the extra relation ss* = 1, 
7^nuit(N Xn N) to be the quotient by the relation 1 = X.k=o s^vv*s*^, and T^dd, muit(N xn 
N) to be the quotient in which both extra relations hold, and which is therefore the 
analogue of Cuntz's Qn- Thus we have the following commutative diagram of quo- 
tient maps: 

(9.1) r(N Xn N] 




mult 

(N Xn N). 



In 7Idd(N Xn N) the generator s becomes unitary, and (T4) is redundant. The uni- 
tary s generates a unitary representation u : Z ^ l-l(7^dd(N Xn N)), and the relations 
(Tl) and (T5) (taken together) are equivalent to (El) and (E2) (taken together). Thus 
Proposition 13.11 implies that 7Idd(N xn N) is our Toeplitz algebra T(Ml). Proposi- 
tion |33] implies that 7;dd, muit(N Xn N) is the quotient 0[Mi) of T[M^). (When N = 2, 
C(M.l) has been studied by Larsen and Li under the name Qi; see Il25l §3].) 

Since the presentation of T(N Xn N) is not affected by multiplying v by z e T, we 
can deduce from the presentation that there is an action y : T ^ AutT(N Xn N) 
such that yz(s) = s and Yziv) — zv. Inflating this action to M gives a dynamics 
(T : M ^ AutT(N xn N) such that at(s) = s and o-t(v) = e^^v. This action leaves the 
kernels of the quotient maps in the diagram (|9.1|) invariant, and hence induces actions 
(still denoted by a) on all three quotients. On 7Idd(N xn N) and T^dd, muit(N xn N) we 
recover the actions on T(Ml) and 0{M.i) that we have been studying, in the case 
where A is the 1x1 matrix [N) and ffA is the covering map z i-^ z*^ of T. So our 
results tell us about the KMS states of (7Idd(N Xn N), a) and (T^dd, muit(N Xn N), a). 

Just as in ||23l Lemma 10.4], every KMSp state of (T(N Xn N), ct) vanishes on the 
ideal generated by 1 — ss*, and hence comes from a KMSp state of T(Ml). So we know 
all the KMS states of (T(N xn N), a). For ground states, though, there is a difference. 
As in Il23l Lemma 8.4] (or Lemma |8^ above), a ground state of [T[N xn N), a) is 
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determined by its values on C*(s), and we claim that the map cf) ^ 4'lc*{s) is an 
affine homeomorphism of the set of ground states onto the state space of C*(s) = 
T(N). Indeed, we can deduce this from ||23l Theorem 7.1(4)], since Theorem 3.7 of 
11221 implies that r(N Xn N) embeds as the subalgebra C*(s,vn] of T[N x N^), and 
the homeomorphism ^ ^\c*(s) factors through C*(s,Vn). 

We can sum up these results by saying that the system (T(N xin N], a] has a phase 
transition at inverse temperature (3 ~ log N, and a further phase transition (in the 
sense of Connes and MarcoUi) at |3 = oo. We believe that this is the simplest known 
system which exhibits both these phenomena. As for the system in 1123 II , the circular 
symmetry at |3 = log N which disappears for |3 > log N is not apparently realised 
by an action of T on T(N x^ N]. In II23II , though, this circular symmetry persists 
for |3 G [1,2], as a result of the more complicated convergence issues for the series 
representations of the normalising factors. 

Remark 9.1. Since we can view N xn N as a subsemigroup of N x N^, it might be more 
natural to use the dynamics satisfying cTt(v) = N'^^v. If we do this, then the phase 
transition will occur at |3 = 1 . 

10. Integer matrices with determinant ±1 

When A G Md(Z) has |detA| = 1, the inverse A^^ has integer entries (as the 
cofactor formula shows), the map cxa is a homeomorphism, and oca is an automor- 
phism. The inverse oc^^ is then a transfer operator for (Xa, so we have an Exel system 
(C(T'^), aA, oC^^), and this system has a Toeplitz algebra and an Exel crossed prod- 
uct. One would guess that these C*-algebras must be related to the ordinary crossed 
product, and they are, but we have not seen this explicitly pointed out before. 

Proposition 10.1. Suppose that oc is an automorphism of a unital C*-algebra C. Then 

(a) Exel's Toeplitz algebra T(C, a, a^^ ) is the universal C* -algebra generated by an isom- 
etry v and a unital representation xq of C satisfying vie (c) = ic ( cx(c) )v, and 

(b) the Exel crossed product C x^^ ^-i N is the universal C*-algebra generated by a unitary 
uand a unital representation jc o/C satisfying ]c[(x.[c)] — ujc(c)u*. 

Proof. We know from [71 §3] that T(C, a, cxT^ ) is universal for Toeplitz-covariant rep- 
resentations (p, V) satisfying two relations called (TCI) and (TC2) (see pagejS]). As we 
observed earlier, plugging the identity 1 of C into (TC2) shows that V is an isometry. 
For our system (C, a, cx^^), (TCI) implies (TC2): 

V*p(c)V = V*p(a(a-^(c)))V = V*Vp(a-Uc)) = p[oi-\c)), 
and (a) follows. 

To establish (b), notice first that 4)(c) G £(M.„-i ) is the rank-one operator 8c,i . The 
Cuntz-Pimsner algebra is generated by a universal Cuntz-Pimsner covariant rep- 
resentation (jivi , jc)/ and then the isometry v in part (a) is v = Jm (1 )• Cuntz- 
Pimsner covariance says that 



C* -ALGEBRAS ASSOCIATED TO DILATION MATRICES 



25 



since c = c ■ 1, we have jM^_i (c) = jc(c)jM^_i (1))/ and Cuntz-Pimsner covariance is 
equivalent to jc(c) = jc(c)w*. This is equivalent to vv* = 1, so v is unitary, and now 
vjc(c) = jc(«.(c))v is equivalent to jc(c<.(c)) =vjc(c)v*. □ 

These universal properties immediately imply that our algebras are familiar ob- 
jects: 

Corollary 10.2. Suppose that a is an automorphism of a unital C*-algebra C. Then the Exel 
crossed product C x^^a-' ^ the usual crossed product C xi^^ Z, and the Toeplitz algebra 
T(C, a, ar^ ] is the crossed product C x N introduced and studied by Murphy [27|. In both 
cases, the gauge action o/T zs the dual action ofT — Z. 

Remark 10.3. Although M„ i is not the bimodule E considered by Pimsner in |33l Ex- 
ample (3), page 193], the two are isomorphic; indeed, a t-^ a(a) is a Hilbert-bimodule 
isomorphism of E onto M.„-i. So the identity C x^^^^-i N = C x„ Z also follows from 
the assertion in Il33l Example (3)]. 

We now return to the case of an integer matrix A with | det A| — 1, where Cor- 
ollary [102] identifies the Toeplitz algebra T(C(T'^), oca, oc^^) as a Murphy crossed 
product, and the Exel crossed product C(T'^) x^^^-i N with the ordinary crossed 

product C(T'^) x„^ Z. We will be working primarily with the crossed product, so it is 
worth observing that the generator v is now unitary, and hence we can simplify our 
presentation: we view C(T'^) x„ Z as being generated by a unitary representation u 
of and a unitary v satisfying vUt^v* = u-Bm/ and then 

C(T'i) x^^ Z = span{u^v^ : m G Z^ k e Z}. 

We can if we wish make the further identification of the crossed product C(T'^) x Z 
with the group algebra C* (Z'^ xb Z) of the semidirect product (using Proposition 3.11 
of 1135 II , for example). 

As before, lifting the dual actions of T gives actions of M on T(C(T'^), aA, ct^^] 
and C(T'^) x^^^ Z such that Gt fixes the copies of C(T'^) and multiplies the additive 
generators by e^^. Proposition 16. 1 1 describes the KMSp states of (T(C(T'^), ka, oC^^]) cr) 
for (3 > log I det A| = 0. Since | detB| = 1, B is tnvertible over the integers, B'Z'^ = Z'^ 
for all j, and the series in (|6.1[) is infinite for every pair ra, n. Thus for each \x E P(T'^] 
there is a KMSp state ij^p^^ on T(C(T'^), cxa, oc^^ ) such that 



(10.1) il;3,,(u,,v^*^u; 



unless k = I 

L,=kC -e-P)e-'PM^(B-'(m-n)) ifk = l. 



Indeed, the proof of Proposition 16.11 simplifies substantially in this case: with U = 
0j^o ^ ° ^ ' acting on 0|^o L^(T'^, d|J.), V the unilateral shift on the same direct sum, 
and Cj the constant function 1 in the jth summand and elsewhere, we have 

00 

ip^m = - e-^)e-'P(7ru,v(T)ej | e^). 

j=0 

Proposition 16.11 also shows that all the KMSq states (that is, the invariant traces) on 
T(C(T'^), aA, oc^M factor through traces of C*(T'^) x^t^ Z. Since the uniqueness asser- 
tion in Theorem 15.31 does not apply, we might expect to find more than one. 
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Proposition 10.4. Suppose that A G Md(Z) has |detA| = 1. If ]x e P{T'^] satisfies 
(y\[i — [I, then there is a a-invariant trace on C[T^) x„a ^ suc/z that 



(10.2) i|^^(u^v^ 



unless k = 

flnc/ euery a-invariant trace on C[T^) x«_^ Z has this form. 

Since the action a of M is inflated from the dual action o^a of T, a state is invariant 
for (J if and only if it is invariant for cca- So the following standard lemma is useful. 

Lemma 10.5. Suppose that y : T ^ Aut D zs a strongly continuous action on a unital 
C*-algebra D and E"'' : d i-^ J^y^id] dz is the expectation onto the fixed-point algebra D^. 
Then a state 4) o/D is y-invariant if and only if there is a state x o/D"'' such that cf) = t o E'*'. 

Proof. Suppose 4) = to E"''. Then the invariance of Haar measure implies that E"'' oy^ = 
E'*', and hence cf) o y^ = t o E'*' o y^ = t o E"'' = 4), so 4) is invariant. Conversely, if 4^ is 
invariant, then 



4)(d) 



4)(d) dz 

T 



y,(d) dz) =4)oE^(d), 

T 



4)(yz(d])dz = 4)| 

T 

SO 43 = 4^Idy o E"''; since 1 G D"'', 4>Idi' is a state. □ 
Proof of Proposition \10.4\ With y = aA, the expectation E"'' is given by 

unless k = 
if k = 0. 



It follows easily that if 9 ^ is the state on C(T'^) = span{ura : ra G Z'^} given by inte- 
gration against \i G P(T'^), then ij;^ := 6^ o E">' satisfies (|10.2[) . Lemma llO.SI implies that 
every invariant state of C(T'^) xi^a Z has this form. So we need to show that t|)^ is a 
trace if and only if \i is invariant under g\. 
We compute 



^^(Um+Bkn) ifk + l = 
otherwise. 



and similarly the other way round. Thus is a trace if and only if 

M^Htllni+B-in) = M^^flln+Bim) = M^nlUBilB-in+m) ) for all I G Z, TU, U G Z^; 

or, equivalently, if and only if \|)^(um,) = U'^t'O-Bm) for all ra G Z'^. But these are just 
the moments of and a calculation shows that M.^^[\i] = }A^[g\\i). So we deduce 
that ^l'^ is a trace if and only if \i. is invariant, as required. □ 

Remark 10.6. When \i. is invariant under cta, the moments M^(B^' (ra — n)) appearing 
in (|10.1|) are all equal to iVl^(ra — n). Thus the series on the right-hand side of (|10.1)) 
is geometric, and summing it shows that 



unless k 

e-'^PM^,(ra-n) ifk = l. 
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which converges to \|)^(Q(uraV^v*'^u* )) = -[\)f^[u^^Qk-i-^v^ ^) as |3 ^ 0. In view of 
Proposition 17.61 this gives an alternative proof that is an invariant trace. 



Corollary 10.7. When | det A| = 1, C(T^ 



XI 



Z has many invariant traces. 



Proof. The homeomorphism cta has many finite orbits — indeed, the periodic points 
are dense in T'^. (If the coordinates of r G Q'^ have common denominator N, then 
the denominators of all the coordinates in all the A'^r divide N too, and the pigeon- 
hole principle implies that e^"^'" is periodic.) But if z G T'^ has cr^(z) = z, then 



n-1 

j=0 "aUz; 



is an invariant measure. 



□ 



Example 10.8. Consider A = (] °), for which we have aA(w, z) = (w,'wz). Let A 
denote Haar measure on T and let v be a probability measure on T. Then the product 
measure |j. = a/ x A is invariant for CTa: 



f o Cta (w, z) d-io-fw, z) 



f('w,'wz) dA(z) dA/(w] 



ffwjz) dA(z) dvfw) 



The moments of \i. are given by 



^m,^m2 ^-^^^-^ ^^^^^ 







f (w, z) d|j.(w, z). 



unless rai = 



Thus Proposition 110.41 gives CT-invariant traces {(jj^ : ^ G P(T)} on C*(T'^) Z such 
that 



unless k = and rai = 

Mv (rai ) if k = and rai = 0. 



Example 10.9. When A = ( ] ° ) and |j. = A X V, we claim that the state tpp,^ described in 
(|10.1|l converges as |3 ^ 0+ to the state of Theorem 15.31 which for |3 = log | det A| = 
vanishes on u^v^ unless (ra, k) = (0, 0) and satisfies tKuq) = 1 . To see this, note that 
B=A' = (Jl),so B-i = (JV),and 



MAxv(B-Hm-n)) 



which vanishes unless mi —rii = j(ra2— rL2). For m = n, wehave M.^(B '(ra— n)) = 1 

1 as |3 ^ for 



-k(3 



for all j, and summing the series shows that ipp ^(UnV v* u* ) = 
all k. If m 7^ n and m — n does not have the form (li, i), then ij;|3^^(urav'^v*^u* ) = for 
all k. If ra — n = (li, i), then i|)|3_^(Um,v^v*^u* ) vanishes for k > I, and 



^p,^(UmvV^u*' 



1 



as |3 ^ 



for k < I. So whenever ra ^ n, we have \lj(3^^(umV^v*'^u* ) ^ as (3 ^ 0, and the limit 
is the state 4) of Theorem 15.31 as claimed. (Well, strictly speaking the limit is cj) o Q.) 
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Remark 10.10. When A = ( ] ° ) and B = = ( J ] ), the map 
(10.3) (m,k) = ((mi,m2),k) ^ 




is an isomorphism of xib Z onto the integer Heisenberg group H(Z). (The crux 
is that B"^ = (o For ^ [0) 1]/ we view the rotation algebra as the universal 
C*-algebra generated by unitaries U, V satisfying VU = e^™®UV, and then the unitary 
representation (ra, k] i-^ g2mm,eum2yk induces a surjection qe of C*[H{Z)] onto ^9. 
(Indeed, the quotients are the fibres of a C*-bundle over T which has C*(H(Z)) as 
its algebra of continuous sections — see IIT3l , lUl §1] or Il30l Example 1.4].) 

Every rotation algebra has a trace Te which kills U^^V'^ unless mi = = k, 
and the composition Te o qg is the invariant trace described in Example 110.81 for y the 
point mass at e^'"^. When 9 is irrational, Te is the only trace on ^e (see IITTl Propo- 
sition VI. 1.3], for example). When 9 is rational, Aq is a homogeneous C*-algebra 
with spectrum (by, for example, |T2l §2]), and has other traces which give non- 
invariant traces of C*(H(Z)). For example, the matrices T = J) and S = (^^ °) 
are unitary and satisfy TS = —ST, hence give a homomorphism ttsj '■ A^/2 M2(C), 
and composing with the usual normalised trace 2^ tr gives a trace t on A] /2 such 
that T(U"^2Vk] = 2-^ trtS'^^ji^). Since V = 1, we have t(V^) = t(1) = 1, and since 
Cttv^) = e^^^v^, t(V^) = 1 implies that to qi/2 cannot be cr-invariant. 

To explain where the other invariant traces in Example llO.SI come from, we examine 
the structure of C*(H(Z)) from another point of view. Consider the normal subgroup 
N of matrices (|10.3[l with k = rai = 0, which is the centre of H(Z), and which has 
quotient H(Z)/N isomorphic to 7/ via (m, k) 1-^ (k, nvi). Applying Theorem 4.1 of 
BH to N gives a realisation of C*(H(Z)) = C Xid,i H(Z) as a Busby-Smith twisted 
crossed product C*(N) xip Z^; identifying C*(N) with C(T) and ploughing through 
the formulas in Il29l shows that |3 is the identity and the cocycle cu:Z^^U(C[T)) = 
C(T, T) is given by 

cu((k,m2),(l,Ti2))(z)=z^"^ 

Averaging over the dual action of gives an expectation whose range is the fixed- 
point algebra C(T) c C(T) Xid,a) which we can pull over to an expectation E on 
C*(H(Z)) such that 



unless k = and ra2 = 
Ura, ,0 if k = and tuz = 0. 



A direct calculation shows that E has the tracial property E(ab) = E(ba) (E is a centre- 
valued trace on C*(H(Z)) ), and the isomorphism of C*(H(Z)) onto C(T) xiid,a)Z^ carries 
cr into t 1— > pfgit ij. Thus any state of the form cf) o E is an invariant trace of C*(H(Z)). 
These are the traces described in Example I10.8[ 
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